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SOME ASYMPTOTIC ESTIMATES ON THE VON NEUMANN
INEQUALITY FOR HOMOGENEOUS POLYNOMIALS
OSCAR ZATARAIN-VERA
Abstract. We will discuss some results of the paper ”Asymptotic estimates
on the Von Neumann Inequality for homogeneous polynomials”, of Galicer D.,
Muro S. and Sevilla-Peris P. [3]. Also, we will see how to extend some of these
results using the same techniques in such paper.
First, let’s recall some definitions and notation. If (an) and (bn) are two se-
quences of real numbers, we write an ≪ bn if there is a positive constant C (inde-
pendent of n) such that an ≤ Cbn for every n. We also write an ∼ bn if an ≪ bn
and bn ≪ an. Given a set A its cardinality is denoted by |A|.
A k−homogeneous polynomial in n variables is a function p : Cn → C of the
form
p(z1, ..., zn) =
∑
α∈Nn0
|α|=k
aαz
α1
1 · · · zαnn =
∑
J=(j1,...,jk)
1≤j1≤...≤jk≤n
cJzj1 · · · zjk ,
where aα ∈ C and |α| = α1 + · · · + αn. Given α we have aα = cJ where J =
(1, α1..., 1, ..., n, αk..., n). We will write zα11 · · · zαnn = zα and zj1 · · · zjk = zJ .
For 1 ≤ q ≤ ∞ we denote by P(kℓnq ) the Banach space of all k−homogeneous
polynomial on n variables with the norm
‖p‖P(kℓnq ) = sup{|p(z1, ..., zn)| : ‖(z1, ..., zn)‖q ≤ 1}.
It is well known that for every k−homogeneous polynomial there is a unique sym-
metric k−linear form L on Cn such that p(z) = L(z, ..., z) for all z ∈ Cn [2, Chapter
1]. Also for each 1 ≤ q ≤ ∞ and k ≥ 2 there exists a constant λ(k, q) > 0 such that
‖p‖P(kℓnq ) ≤ sup{L(z(1), ..., z(k)) : ‖z(j)‖q ≤ 1, j = 1, ..., k} ≤ λ(k, q)‖p‖P(kℓnq ). (1)
In general λ(k, q) ≤ kkk! , it is worth mentioning that some improvements are know
for particular cases: λ(k, 2) = 1 and λ(k,∞) ≤ k
k
2 (k+1)
k+1
2
2kk!
.
In [6], the authors considered the next “von Neumann’s inequality type problem”:
for each 1 ≤ q <∞, let Ck,q(n) be the smallest constant such that
‖p(T1, ..., Tn)‖L(H) ≤ Ck,q(n) sup{|p(z1, ..., zn)| :
n∑
j=1
|zj|q ≤ 1},
for every k−homogeneous polynomial p in n variables and every n−tuple of com-
muting contractions (T1, ..., Tn) with
∑n
j=1 ‖Ti‖qL(H) ≤ 1. The lower and upper
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estimates for the growth of Ck,q(n) [6, Propositions 11 and 17] (here q
′ denotes the
conjugate of q) that they obtained are:
n
k−1
q′
− 12 [
k
2 ] ≪ Ck,q(n)≪ n
k−2
q′ for 1 ≤ q ≤ 2, (2)
n
k
2−
1
2 ([
k
2 ]+1) ≪ Ck,q(n)≪ n
k−2
2 for 2 ≤ q <∞. (3)
Furthermore, the upper bounds here hold for every n−tuple (T1, ..., Tn) satisfying∑n
j=1 ‖Ti‖qL(H) ≤ 1 (and even a weaker condition), not necessarily commuting. If
we do not ask the contractions to commute, this bound is shown to be optimal in
[6, Proposition 15].
In [3], the lower estimates were improved. Specifically, Galicer et al. showed:
Theorem 1 (Galicer D., Muro S., Sevilla-Peris P.). For k ≥ 3 and 1 ≤ q ≤ ∞, let
Ck,q(n) be the smallest constant such that
‖p(T1, ..., Tn)‖L(H) ≤ Ck,q(n) sup{|p(z1, ..., zn)| : ‖(zj)j‖q ≤ 1},
for every k−homogeneous polynomial p in n variables and every n−tuple of com-
muting contractions (T1, ..., Tn) with
∑n
j=1 ‖Ti‖qL(H) ≤ 1. Then
(i) Ck,∞(n) ∼ n k−22
(ii) for 2 ≤ q <∞ we have
log−3/q(n)n
k−2
2 ≪ Ck,q(n)≪ n
k−2
2 .
In particular, n
k−2
2 −ε ≪ Ck,q(n)≪ n k−22 for every ε > 0.
Let n ∈ N and 1 ≤ t ≤ k ≤ n. An Sp(t, k, n) partial Steiner system is a collec-
tion of subsets of {1, ..., n} of cardinality k, called blocks such that every subset of
{1, ..., n} of size t is contained in at most one block of the system.
A k−homogeneous polynomial of n variables is a Steiner unimodular polynomial
if there exists an Sp(t, k, n) partial Steiner system J such that p(z1, ..., zn) =∑
J∈J cJzJ and cJ = ±1.
Let’s recall the construction of commuting contractions which appeared in the
proof of Theorem 1 [3, Theorem 1.1]. Fix k, n ∈ N. Let H be a finite dimensional
Hilbert space with the following orthonormal basis:

e;
e(j1, ..., jm) 0 ≤ m ≤ k − 2 and 1 ≤ j1 ≤ j2 ≤ · · · ≤ jm ≤ n;
fi 1 ≤ i ≤ n;
g.
Given any subset {i1, ..., ir} ⊂ {1, ..., n} we denote by [i1, ..., ir] its nondecreasing
reordering. For 1 ≤ l ≤ n, we define the operator Tl ∈ B(H) as

Tle = e(l);
Tle(j1, ..., jm) = e[l, j1, ..., jm] if 0 ≤ m < k − 2;
Tle(j1, ..., jk−2) =
∑
i γ{i,l,j1,...,jk−2}fi;
Tlfi = δlig;
Tlg = 0,
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where γ is defined as
γ{i1,...,ik} :=
{
c{i1,...,ik} if {i1, ..., ik} ∈ J
0 otherwise
For t = k − 1, it has been proved that (T1, ..., Tn) is a commuting tuple of con-
tractions on H and that ‖Tl‖ = 1 for l = 1, ..., n. Following [8], we call such a
commuting tuple of contractions to be a Dixon’s n−tuple.
In [3, Theorem 2.5] the authors proved the following:
Theorem 2 (Galicer D., Muro S., Sevilla-Peris P.). Let k ≥ 2 and J be an
Sp(k − 1, k, n) partial Steiner system. Then there exist signs (cJ )J∈J and a con-
stant Ak,q > 0 independent of n such that the k−homogeneous polynomial p =∑
J∈J cJzJ satisfies
‖p‖P(kℓnq ) ≤ Ak,q ×
{
log
3
q (n)n
k
2 (
q−2
q ) for 2 ≤ q <∞
log
3q−3
q (n) for 1 ≤ q ≤ 2.
Moreover, the constant Ak,q may be taken independent of k for q 6= 2.
Galicer et al. also obtained the following corollary as an observation about the
cardinality of partial Steiner systems.
It is well known that any partial Steiner system Sp(t, k, n) has cardinality less than
or equal to
(
n
t
)
/
(
k
t
)
. In [1], it is proved that there exists a constant c > 0 such that
there exist partial Steiner systems Sp(k − 1, k, n) of cardinality at least
ψ(k, n) :=


( nk−1)
k
(
1− c
n
1
k−1
)
for k > 3,
( nk−1)
k
(
1− c log3/2 n
n
1
k−1
)
for k = 3.
(4)
As a consequence:
Corollary 3 (Galicer D., Muro S., Sevilla-Peris P.). Let k ≥ 3. Then there exists
a k−homogeneous Steiner unimodular polynomial p of n complex variables with at
least ψ(k, n) coefficients satisfying the estimates in Theorem 2. Note that in this
case ψ(k, n) >> nk−1.
Mantero and Tonge [6] also studied another multivariable extension of von Neu-
mann inequality by considering polynomials on commuting operators T1, ..., Tn sat-
isfying that for any pair h, g of norm one vectors in the Hilbert space
n∑
j=1
|〈Tjh, g〉|q ≤ 1, (5)
or, equivalently, that for any vector α ∈ Cn such that ‖α‖ℓn
q′
= 1 we have
‖
n∑
j=1
αjTj‖ ≤ 1.
Let Dk,q(n) be the smallest constant such that
‖p(T1, ..., Tn)‖L(H) ≤ Dk,q(n) sup{|p(z1, ..., zn)| :
n∑
j=1
|zj |q ≤ 1},
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for every k−homogeneus polynomial p in n variables and every n−tuple of con-
tractions satisfying (5). The upper bound for Dk,q(n) found in [6, Proposition 20]
is
Dk,q(n)
{
n(k−1)(
1
2+
1
q ), for q ≥ 2,
n
(k−1)( 12+
1
q′
)
, for q ≤ 2.
For k = 3 and q = 2, Galicer et al. showed that this is an optimal bound up to a
logarithmic factor. Specifically they showed:
Proposition 4 (Galicer D., Muro S., Sevilla-Peris P.). We have the following
asymptotic behavior:
n2
log15/4 n
≪ D3,2(n)≪ n2.
Following the same techniques of [3] we obtain:
Proposition 5 (Zatarain-Vera O.). We have the following asymptotic behavior for
Dk,2(n):
nk−1
log
3
4 (k+2) n
≪ Dk,2(n)≪ nk−1.
Proof. Let p(z) =
∑
J∈J cJzJ be a k−homogeneous Steiner unimodular polynomial
as in Theorem 2. Let (T1, ..., Tn) be a Dixon’s n−tuple and h ∈ H. First, we prove
that
T1
(1 + ‖p‖P(kℓn2 ))1/2
, ...,
Tn
(1 + ‖p‖P(kℓn2 ))1/2
satisfy (5) to get the upper bound.
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We have for (1 ≤ m ≤ k − 2):
∑
j
αjTjh =
∑
j
αj

〈h, e〉Tje+∑
jm
· · ·
∑
j1
〈h, e(jm, ..., j1)〉Tje(jm, ..., j1) +
∑
i
〈h, fi〉Tjfi + 〈h, g〉Tjg


=
∑
j
αj〈h, e〉Tje
+
∑
j
∑
jm
· · ·
∑
j1
αj〈h, e(jm, ..., j1)〉Tje(jm, ..., j1)
+
∑
j
∑
jk−2
· · ·
∑
j1
αj〈h, e(jk−2, ..., j1)〉Tje(jk−2, ..., j1)
+
∑
j
∑
i
αj〈h, fi〉Tjfi
+
∑
j
αj〈h, g〉Tjg
=
∑
j
αj〈h, e〉e(j)
+
∑
j
∑
jm
· · ·
∑
j1
αj〈h, e(jm, ..., j1)〉e[j, jm, ..., j1]
+
∑
j
∑
jk−2
· · ·
∑
j1
αj〈h, e(jk−2, ..., j1)〉
∑
l
γ{l,j,jk−2,...,j1}fl
+
∑
j
∑
i
αj〈h, fi〉δjig
=
∑
j
αj〈h, e〉e(j)
+
∑
j
∑
j1
· · ·
∑
jm
αj〈h, e(j1, ..., jm)〉e[j, j1, ..., jm]
+
∑
j
∑
l
∑
j1
· · ·
∑
jk−2
αj〈h, e(j1, ..., jk−2)〉a{l,j,j1,...,jk−2}fl
+
∑
j
αj〈h, fj〉g.
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In this way (below β is some vector in the unit ball of ℓn2 )
‖
∑
j
αjTjh‖2 =
∑
j
|αj〈h, e〉|2
+
∑
j
∑
j1,...,jm
|αj〈h, e(j1, ..., jm)〉|2
+
∑
j
∣∣∣∣∣∣
∑
l,j1,...,jk−2
αj〈h, e(j1, ..., jk−2)〉a{j,l,j1,...,jk−2}
∣∣∣∣∣∣
2
+
∣∣∣∣∣∣
∑
j
αj〈h, fj〉
∣∣∣∣∣∣
2
≤ ‖α‖2ℓn2 |〈h, e〉|
2
+ ‖α‖2ℓn2 ‖(〈h, e(j1, ..., jm)〉)j1,...,jm‖
2
ℓn2
+

∑
j
βj
∑
l,j1,...,jk−2
αj〈h, e(j1, ..., jk−2)〉a{j,l,j1,...,jk−2}

2
+ ‖α‖2ℓn2 ‖‖(〈h, fj〉)j‖
2
ℓn2
≤ ‖α‖2ℓn2 |〈h, e〉|
2
+ ‖α‖2ℓn2 ‖(〈h, e(j1, ..., jm)〉)j1,...,jm‖
2
ℓn2
+ ‖α‖2ℓn2 ‖p‖P(kℓn2 )‖(〈h, e(j1, ..., jk−2)〉)j1,...,jk−2‖
2
ℓn2
+ ‖α‖2ℓn2 ‖(〈h, fj〉)j‖
2
ℓn2
= ‖α‖2ℓn2 (|〈h, e〉|
2 + ‖(〈h, e(j1, ..., jm)〉)j1,...,jm‖2ℓn2 + ‖(〈h, fj〉)j‖
2
ℓn2
+ ‖p‖P(kℓn2 )‖(〈h, e(j1, ..., jk−2)〉)j1,...,jk−2‖2ℓn2 )
≤ ‖α‖2ℓn2
(
‖h‖2H + ‖p‖P(kℓn2 )‖h‖2H
)
= ‖α‖2ℓn2 ‖h‖
2
H
(
1 + ‖p‖P(kℓn2 )
)
.
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Second, for the lower bound we use corollary 3,∥∥∥∥∥p
(
T1
(1 + ‖p‖P(kℓn2 ))1/2
, ...,
Tn
(1 + ‖p‖P(kℓn2 ))1/2
)∥∥∥∥∥
L(H)
≥ (1 + ‖p‖P(kℓn2 ))−k/2‖p(T1, ..., Tn)e‖H
= (1 + ‖p‖P(kℓn2 ))−k/2|J |
=
1
(1 + ‖p‖P(kℓn2 ))k/2
‖p‖P(kℓn2 )
‖p‖P(kℓn2 )
|J |
≥ 1
C′(log3/2 n)k/2
‖p‖P(kℓn2 )
Ak,2 log
3/2 n
nk−1
= C
‖p‖P(kℓn2 )
(log3/2 n)
k
2+1
nk−1
= C
‖p‖P(kℓn2 )
log
3
4 (k+2) n
nk−1
≫ ‖p‖P(kℓn2 )
nk−1
log
3
4 (k+2) n
.
where we have been used that for large enough n we have 1 ≤ log3/2 n, and by
Theorem 2 also ‖p‖P(kℓn2 ) ≤ Ak,2 log
3/2 n, and consequently (1 + ‖p‖P(kℓn2 )) ≤
C′ log3/2 n, where C′ is a constant independent of n. 
Again, following the same path than Galicer et al. [3], we are able to show a
variant of Theorem 2. To see this, let’s recall some definitions and facts about
probability.
A Young function ψ is an increasing convex function defined on (0,∞) such that
limt→∞ ψ(t) =∞ and ψ(0) = 0. For a probability space (Ω,Σ,P), the Orlicz space
Lψ = Lψ(Ω,Σ,P) is defined as the space of all real-valued random variables Z for
which there exists c > 0 such that E(ψ(|Z|/c)) <∞. It is a Banach space with the
norm ‖Z‖Lψ = inf{c > 0 : E(ψ(|Z|/c)) ≤ 1}. For more information about these
and random process see [5].
Let k ≥ 2 and let J be a Sp(k−1, k, n) partial Steiner system. Consider a family
of independent Bernoulli variables (εJ )J∈J on (Ω,Σ,P). For z ∈ Bℓn2 we define the
following Rademacher process indexed by Bℓn2 as
Yz =
1
k
∑
J∈J
εJaJzJ , (6)
where the (aJ )J∈J are complex coefficients with modulus bounded by 1. We view
it as a random process in the Orlicz space defined by the Young function ψ2(t) =
et
2 − 1, recall (εi) still spans a subspace isomorphic to ℓ2 in ψ2.
Lemma 6. The Rademacher process defined in (6) fulfills the following Lipschitz
condition
‖Yz − Yz′‖Lψ2 ≤ C
(
max
J∈J
|aJ |
)
‖z − z′‖∞
for some universal constant C ≥ 1 and every z, z′ ∈ Bℓn2 .
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Proof. By the Khintchine’s inequality the ψ2−norm of a Rademacher process is
comparable to its L2−norm. So,
‖Yz − Yz′‖L2 =
1
k

∫
Ω
∣∣∣∣∣∑
J∈J
εJ(ω)aJ(zJ − z′J)
∣∣∣∣∣
2
dP(ω)

1/2 = 1
k
(∑
J∈J
|aJ |2|zJ − z′J |2
)1/2
=
1
k

∑
J∈J
|aJ |2
∣∣∣∣∣
k∑
u=1
zj1 · · · zju−1(zju − z′ju)z′ju+1 · · · z′jk
∣∣∣∣∣
2

1/2
≤ 1
k
k∑
u=1
(∑
J∈J
|aJ |2|zj1 · · · zju−1(zju − z′ju)z′ju+1 · · · z′jk |2
)1/2
≤ 1
k
k∑
u=1
‖z − z′‖∞
(∑
J∈J
|aJ |2|zj1 · · · zju−1z′ju+1 · · · z′jk |2
)1/2
≤ 1
k
k∑
u=1
‖z − z′‖∞
(
max
J∈J
|aJ |2
)1/2(∑
J∈J
|zj1 · · · zju−1z′ju+1 · · · z′jk |2
)1/2
≤
(
max
J∈J
|aJ |
)
‖z − z′‖∞,
where the last inequality is true for the following: Since J is an Sp(k−1, k, n) partial
Steiner system, given zj1 · · · zju−1z′ju+1 · · · z′jk for a fixed u, there is at most one index
ju such that (j1, ..., jk) belongs to J . Therefore the sum
∑
J∈J |zj1 · · · zju−1z′ju+1 · · · z′jk |2
can be bounded by
(
n∑
l1=1
|zl1 |2) · · · (
n∑
lu−1=1
|zlu−1 |2)(
n∑
lu+1=1
|z′lu+1 |2) · · · (
n∑
lk=1
|z′lk |2),
which is less or equal than one since z, z′ are in the unit ball of ℓn2 . 
For a metric space (X, d), given ε > 0, the entropy number N(X, d; ε) is defined
as the smallest number of open balls of radius ε in the metric d, which form a
covering of the metric space X . Then, the entropy integral of (X, d) with respect
to ψ (Young function) is given by
Jψ(X, d) :=
∫ diamX
0
ψ−1(N(X, d; ε)) dε.
The next theorem due to Pisier ([7]) bounds the expectation of a random process
with the entropy integral, provided the process satisfy a contraction condition.
Theorem 7. Let Z = (Zx)x∈X be a random process indexed by (X, d) in Lψ such
that, for every x, x′ ∈ X,
‖Zx − Zx′‖Lψ ≤ d(x, x′).
Then if Jψ(X, d) is finite, Z is almost surely bounded and
E
(
sup
x,x′∈X
|Zx − Zx′ |
)
≤ 8Jψ(X, d).
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So, by Lemma 6, we can use the previous theorem with Lψ2 , X = Bℓn2 and
d = ‖ · ‖∞, to bound the expectation of the supremum of the random process, i.e.
we need to estimate the integral Jψ2(Bℓn2 , ‖·‖∞). Note that ψ−12 (t) = log1/2(t+1)but
we can use instead log1/2(t) since it does not change the computation in the integral.
Lemma 8. There exists C > 0 such that for every n ≥ 2 we have Jψ2(Bℓn2 , ‖·‖∞) ≤
C log3/2(n).
Proof. See [3]. 
Now, following the exact argument in [3, Theorem 2.5] we obtain the next result:
Theorem 9 (Zatarain-Vera O.). Let k ≥ 2 and J be an Sp(k − 1, k, n) partial
Steiner system. Then there exist signs (cJ )J∈J , coefficients (aJ)J∈J of modulus
less than or equal to 1, and a constant Ak,q > 0 independent of n, such that the
k−homogeneous polynomial p =∑J∈J cJaJzJ satisfies
‖p‖P(kℓnq ) ≤ Ak,q ×

‖aJ‖
q−2
q
∞ log
3
q (n)n
k
2
(q−2)
q , for 2 ≤ q <∞
‖aJ‖
2−q
2
∞ log
3q−3
q (n), for 1 ≤ q ≤ 2.
Moreover, the constant Ak,q may be taken independent of k for q 6= 2.
Proof. Any Sp(k− 1, k, n) partial Steiner system J satisfies |J | ≤ 1k
(
n
k−1
)
, now we
use J to define a Rademacher process (Yz)z∈Bℓn
2
as in (6). By Lemmas 6, 8 and
Theorem 7 there exists a constant K > 0 such that E(supz∈Bℓn2
|Yz |) ≤ K log3/2(n).
By Markov’s inequality we have
P{ω ∈ Ω : ‖
∑
J∈J
εJ (ω)aJzJ‖P(kℓn2 ) ≥MkK log
3/2(n)} ≤ 1
M
,
where M is a constant to be determined. Now, recall that by [4] we have
P{ω ∈ Ω : ‖
∑
J∈J
εJ(ω)aJzJ‖P(kℓn
∞
) ≥ D(n|J |‖aJ‖2∞ log(k))1/2} ≤
1
k2en
.
Therefore ifM > 1+ 1k2en−1 , for ω in a set of positive measure, we have the following{
‖∑J∈J εJ(ω)aJzJ‖P(kℓn2 ) ≤MkK log3/2(n),
‖∑J∈J εJ(ω)aJzJ‖P(kℓn∞) ≤ D( log(k)k ( nk−1)n‖aJ‖2∞)1/2 ≤ D( log(k)k! nk‖aJ‖2∞)1/2.
(7)
There is a choice of signs (CJ )J∈J and coefficients (aJ)J∈J such that p(z) :=∑
J∈J cjaJzJ satisfies the inequalities in (7). We shall use an interpolation argu-
ment to get a bound for the norm of p in P(kℓn2 ) for 2 < q < ∞. Consider the
k−linear form associated to p, then by interpolation, and inequalities (1) and (7)
we obtain
‖p‖P(kℓn2 ) ≤ (MkK)
2
q log
3
q (n)(Dλ(k,∞) log
1
2 (k)√
k!
‖aJ‖∞)
q−2
q n
k
2
q−2
q
≤ max{M,K,D}
(
k
k
2 (k + 1)
k+1
k
√
log(k)
2kk!
√
k!
) q−2
q
k
2
q
︸ ︷︷ ︸
Ak,q
‖aJ‖
q−2
q
∞ log
3
q (n)n
k
2 (
q−2
q ).
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Note that for q > 2, Aq,k → 0 as k → ∞ and thereby we can take a constant
independent of k in this case.
For q = 1, let P (z) =
∑
|α|=k aαz
α be any k−homogeneous polynomial, then
|P (z)| ≤
∑
|α|=k
|aαzα| ≤ sup
|α|=k
{
|aαα!
k!
|
} ∑
|α|=k
| k!
α!
zα| = sup
|α|=k
{
|aαα!
k!
|
} n∑
j=1
|zj |

k .
In particular the polynomial p considered above satisfies ‖p‖P(kℓn1 ) ≤
‖aJ‖∞
k! . So,
finally proceeding again by interpolation between the ℓn1 and ℓ
n
2 cases we have for
1 < q < 2 the next estimate
‖p‖P(kℓnq ) ≤
(
‖aJ‖∞ k
k
(k!)2
) 2−q
q
(MkK log3/2(n))
2q−2
q = Ak,q‖aJ‖
2−q
2
∞ log
3q−3
q (n).
Also, in this case, for every 1 ≤ q < 2 we have Ak,q → 0 as k →∞. 
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